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Name: ..………………………………………………………………………………. 

 

Student Number: …………………………………………………………………….. 

 

 

Test 5 on WPPH16001.2019-2020 

“Electricity and Magnetism”  
 

 
Content: 7 pages (including this cover page) 

 

 

Friday May 22 2020; online, 15:00-17:30 
 

• Write your full name and student number on each page you use  

• Read the questions carefully. Read them one more time after having answered them. 

• Compose your answers is such a way that it is well indicated which (sub)question they address 

• Upload the answer to each question as a separate pdf file 

• Do not use a red pen (it’s used for grading) 

• Griffiths’ textbook, lecture notes and your tutorial notes are allowed. The internet, mobile 

phones, consulting and other teamwork are not allowed (and considered as cheating) 

 
 

Exam drafted by (name first examiner) Maxim S. Pchenitchnikov 

Exam reviewed by (name second examiner) Steven Hoekstra 

 
______________________________________________________________________________________ 

For administrative purposes; do NOT fill the table  

 

The weighting of the questions: 

 

 Maximum points Average points scored 

Question 1 15 9 

Question 2 10 6.8 

Question 3 10 5 

Question 4 10 8.8 

Total 45 28.7 

 
Grade = 1 + 9 x (score/max score). 

 

Averaged grade: 6.75 
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Question 1. (15 points) 

Consider two infinite planes, parallel to the 𝑥𝑦 plane, some distance apart. The top plane 

carries a surface current density 𝐊⃗⃗ = 𝐾 𝐱̂ and the bottom plane carries the same surface 

current in the opposite direction. 

1. Show that the magnetic field between the plates is given 

by: 𝐁⃗⃗ = 𝜇0𝐾 𝐲̂ (2 points) 

2. Show that the Maxwell stress tensor 𝐓⃗⃡ , expressed in the 

matrix form is given as: 

𝐓⃗⃡ =
𝜇0𝐾

2

2
(
−1 0 0
0 +1 0
0 0 −1

)  (5 points) 

3. Calculate the electromagnetic pressure on the top plate 

by the bottom plate using the Maxwell stress tensor. 

(5 points) 

4. Now calculate the electromagnetic force per unit area on the top plate by the 

bottom plate using Lorentz’ force law. (2 points) 

5. Do you expect to obtain the same result in (4) as in (3)? Explain your answer. 

(1 point) 

 

Model answers  (15 points) 

1. Calculate the field for one plate first (btw, you did this a few times earlier). Draw a 

rectangular ampèrian loop with the length of 𝑙 in the 𝑦𝑧 plane as we did considering the 

boundary conditions (Lecture 22). Use Ampère-Maxwell’s law with the time-derivative term 

nullified (the currents are stationary): 

∮ 𝐁⃗⃗ ∙ 𝑑𝒍 =
𝒫

𝜇0𝐼𝑓𝑒𝑛𝑐
                                 1/2 point 

As the 𝐁⃗⃗  field is in the 𝑦 direction,  

2𝐵𝑙 = 𝜇0𝐾𝑙 

𝐁⃗⃗ =
𝜇0𝐾

2
𝐲̂                                 1/2 point 

For two plates, the fields add up: 

𝐁⃗⃗ = 𝜇0𝐾 𝐲̂                                 1 point 

Note that by the virtue of the same argument, 𝑩⃗⃗  out of space between the plates is zero. If it 

helps: the setting begins to resemble a plane capacitor (Problem 8.7), with the electric field 

substituted by magnetic field. Therefore, the further solution goes along similar lines – or 

simply use a brute force approach. 

  

2. The Maxwell stress tensor (no electric field) is given by: 

𝑇𝑖𝑗  ≡
1

𝜇0
(𝐵𝑖𝐵𝑗 −

1

2
𝛿𝑖𝑗𝐵

2) 

All off diagonal components of 𝐓⃗⃡  are zero, because both 𝐵𝑥 and 𝐵𝑧 are zero: 

𝑇𝑖𝑗 = 0 if 𝑖 ≠ 𝑗                                                                       1 point 

The diagonal components are  
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𝑇𝑥𝑥  ≡
1

𝜇0
(𝐵𝑥𝐵𝑥 −

1

2
𝐵𝑦

2) = −
𝜇0𝐾

2

2
                                 1 point 

𝑇𝑦𝑦  ≡
1

𝜇0
(𝐵𝑦𝐵𝑦 −

1

2
𝐵𝑦

2) = +
𝜇0𝐾

2

2
                                 1 point 

𝑇𝑧𝑧  ≡
1

𝜇0
(𝐵𝑧𝐵𝑧 −

1

2
𝐵𝑦

2) = −
𝜇0𝐾

2

2
                                  1 point 

𝐓⃗⃡ =
𝜇0𝐾

2

2
(
−1 0 0
0 +1 0
0 0 −1

)                                                1 point  

only if all previous steps are correct (otherwise it′s a copy − paste from the question) 

 

3. The force as calculated from the Maxwell stress tensor is given by: 

𝐅 = ∮ 𝐓⃗⃡ ∙ 𝑑𝐚⃗ 
𝒮

 

The area element is 𝑑𝐚⃗ = −𝑑𝑥 𝑑𝑦 𝐳̂ because the force is on the bottom side of the top plate 

(outside the field is zero).                                                     1 point 

𝐅 =
𝜇0𝐾

2

2
∮ (

−1 0 0
0 +1 0
0 0 −1

)(
0
0

−𝑑𝑥 𝑑𝑦
)

𝒮

                    1 point 

=
𝜇0𝐾

2

2
∮ 𝑑𝑥 𝑑𝑦
𝒮

𝐳̂                                                                1 point 

=
𝜇0𝐾

2

2
𝐴 𝐳̂                                                                              1 point 

where 𝐴 is the area of the plate. 

The electromagnetic pressure is force per unit area 

𝐟 =
𝐅 

𝐴
=

𝜇0𝐾
2

2
 𝐳̂                                                                     1 point 

Note that conductors carrying anti-parallel currents repel each other so that force on top 

plate should be in +z direction as we derived. 

 

4. The force due to the field of the lower plate is given by: 

𝐟 = 𝜌𝐄⃗ + 𝐉 𝑈𝑝𝑝𝑒𝑟 × 𝐁⃗⃗ 𝐿𝑜𝑤𝑒𝑟  

= 𝐉 𝑈𝑝𝑝𝑒𝑟 × 𝐁⃗⃗ 𝐿𝑜𝑤𝑒𝑟 = 𝐾𝐱̂ × 
𝜇0𝐾

2
𝐲̂                       1 point  (0.5 pts if B is for both plates)  

=
𝜇0𝐾

2

2
 𝐳̂                                                                    1 point (0.5 pts if direction is wrong) 

Exactly as in (3). 

Alternative solution: 

𝐅 = ∫𝑑𝐈 𝑈𝑝𝑝𝑒𝑟 × 𝐁⃗⃗ 𝐿𝑜𝑤𝑒𝑟  

𝑑𝐈 𝑈𝑝𝑝𝑒𝑟 = 𝐾 𝑑𝑥 𝑑𝑦 𝐱̂ 



 4 

𝐅 = ∮ 𝐾 𝑑𝑥 𝑑𝑦 𝐱̂ × 𝐁⃗⃗ 𝐿𝑜𝑤𝑒𝑟
𝒮

= 𝐾
𝜇0𝐾

2
𝐴 𝐳̂                                                 1 point 

Force per unit area: 

𝐟 =
𝐅 

𝐴
=

𝜇0𝐾
2

2
 𝐳̂                                                                     1 point 

5. The result must be the same because the Maxwell stress tensor formalism is simply a more 

convenient way of expression the Lorentz force, exactly what we did at the lectures. (1 point) 

 
Typical mistakes: 

Q1.1: Using the integral form of Ampère’s law without specifying a loop and thereby arriving at a wrong 

answer. (e.g. not considering each plate as separate) 

Q1.1: Using the boundary condition approach incorrectly. 

Q1.3: wrong direction of the surface vector or no vector representation at all (very common) 

Q1.3: Dividing the tensor by two, because we are only interested in one plate. 

Q1.4: Saying that K = - K z^ in the top plate.  

Q1.4: Not knowing how to properly exchange the quantities q, σ, A, K, da, dq, v in whatever formulation of the 

Lorentz force. 

 

 

Question 2. (10 points) 

A plane monochromatic electromagnetic wave of frequency 𝜈, polarized in the positive 𝑧-axis 

direction moves in the positive 𝑦-axis direction. The amplitude of the electric field is 𝐸0, and 

the start of time is chosen so that at 𝑡 = 0, the electric field has a value 𝐸0/2 at the origin. In 

the answers, use only the variables provided above, the speed of light 𝑐 and permittivity 𝜖0. 

1. Write the electric field of the wave. (2 points) 

2. Find the associated magnetic field. (2 points) 

3. Find the Poynting vector associated with this wave. (2 points) 

4. Show by direct averaging of the Poynting vector that intensity of the wave is 𝐼 =
1

2
𝑐𝜖0𝐸0

2  

(2 points) 

5. Find the expression for the momentum density stored in this wave (2 points) 

 

Model answers (10 points) 

(Where applicable, 1 point for correct magnitude and 1 point for correct direction) 

𝟏. 𝐄⃗ (𝑦, 𝑡) = 𝐸0 cos (
2𝜋𝜈

𝑐
𝑦 − 2𝜋𝜈𝑡 +

𝜋

3
) 𝐳̂ = 𝐸0 cos [

2𝜋𝜈

𝑐
(𝑦 − 𝑐𝑡) +

𝜋

3
] 𝐳̂    (2 points) 

𝟐. 𝐁⃗⃗ (𝑦, 𝑡) =
𝐸0

𝑐
cos (

2𝜋𝜈

𝑐
𝑦 − 2𝜋𝜈𝑡 +

𝜋

3
) 𝐱̂ =

𝐸0

𝑐
cos [

2𝜋𝜈

𝑐
(𝑦 − 𝑐𝑡) +

𝜋

3
] 𝐱̂    (2 points) 

𝟑. 𝐒 =
1

𝜇0

(𝐄⃗ × 𝐁⃗⃗ ) =
𝐸0

2

𝜇0𝑐
cos2 [

2𝜋𝜈

𝑐
(𝑦 − 𝑐𝑡) +

𝜋

3
] 𝐲̂ = 𝜖0𝑐𝐸0

2 cos2 [
2𝜋𝜈

𝑐
(𝑦 − 𝑐𝑡) +

𝜋

3
] 𝐲̂ 

                                                                                                                                          (2 points) 

𝟒. 𝐼 ≡ ⟨𝑆⟩𝑡 = 𝑐𝜖0𝐸0
2 ⟨cos2 [

2𝜋𝜈

𝑐
(𝑦 − 𝑐𝑡) +

𝜋

3
]⟩

𝑡
=

1

2
𝑐𝜖0𝐸0

2                              (2 points) 

𝟓. 𝐠⃗ = 𝜖0𝜇0𝐒 = 𝜖0
2𝜇0𝑐𝐸0

2 cos2 [
2𝜋𝜈

𝑐
(𝑦 − 𝑐𝑡) +

𝜋

3
] 𝐲̂ =

𝜖0

𝑐
𝐸0

2 cos2 [
2𝜋𝜈

𝑐
(𝑦 − 𝑐𝑡) +

𝜋

3
] 𝐲̂     

                                                                                                                                          (2 points) 
 
Typical mistakes: 

General: Use of variables that are not allowed (e.g. k, 𝜔, 𝜇0) 
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Confusion between 𝜈 and 𝜔 (frequency vs angular frequency) 

Instead of a phase difference, the amplitude is scaled by 1/2 or even 𝐸0/2 was added to the wave, resulting in 

cross terms (when squaring) for the rest of the question. 

Stating that cos2 averages to 1/2 without explaining it while the question was formulated as “show by direct 

averaging”  

 

 

Question 3. (10 points) 

Consider an ideal parallel-plate capacitor with the separation between the plates of 𝑑. The 

capacitor is filled with an isotropic linear dielectric material which frequency-dependent 

electric susceptibility can be approximated as 𝜒𝑒 = 𝜒0 (1 + 𝜔2𝜏2)⁄ , where 𝜒0 and 𝜏 are 

constants. The capacitor is driven by a voltage 𝑉 = 𝑉0 cos𝜔𝑡.  

1. Show that the displacement current density is 

𝐽𝑑 = −
𝜖0𝑉0

𝑑
𝜔 (1 +

𝜒0

1 + 𝜔2𝜏2
) sin 𝜔𝑡      (3 points) 

2. Find the amplitude 𝐽𝑑0
 of the displacement current density. (1 point) 

3. Find the difference between the amplitudes of displacement current densities of the filled 

and empty capacitors. (2 points) 

4. At which frequency is the difference maximal? (3 points) 

5. What is the value of the electric susceptibility at this frequency with respect to 𝜒0? (1 

points) 

NB.This method can be used for measuring 𝜒0 and 𝜏 

 

Model answers  (10 points) 

𝟏. 𝐽𝑑 =
𝜕𝐷

𝜕𝑡
 

𝐸 =
𝑉

𝑑
=

𝑉0 cos𝜔𝑡

𝑑
               (1 point) 

𝐷 = 𝜖𝐸 = 𝜖0(1 + 𝜒𝑒)𝐸 = 𝜖0 (1 +
𝜒0

1 + 𝜔2𝜏2
)
𝑉0 cos𝜔𝑡

𝑑
                (1 point) 

𝐽𝑑 = −
𝜖0𝑉0

𝑑
𝜔 (1 +

𝜒0

1 + 𝜔2𝜏2
) sin 𝜔𝑡               (1 point) 

 

𝟐. 𝐽𝑑 = 𝐽𝑑0
sin𝜔𝑡 where 𝐽𝑑0

 is the amplitude of the displacement current  

𝐽𝑑0
= −

𝜖0𝑉0

𝑑
𝜔 (1 +

𝜒0

1 + 𝜔2𝜏2
)                (1 point)   

 

3. The difference: 

Δ𝐽𝑑0
= −

𝜖0𝑉0

𝑑
𝜔 (1 +

𝜒0

1 + 𝜔2𝜏2
) +

𝜖0𝑉0

𝑑
𝜔 = −

𝜖0𝑉0

𝑑
𝜔

𝜒0

1 + 𝜔2𝜏2
    (2 points) 

 

𝟒.
𝜕Δ𝐽𝑑0

𝜕𝜔
= (… )

1 + 𝜔2𝜏2 − 𝜔2𝜔𝜏2

(1 + 𝜔2𝜏2)2
= 0                (2 points) 

1 − 𝜔𝑚𝑎𝑥
2 𝜏2 = 0; 𝜔𝑚𝑎𝑥 =

1

𝜏
                                              (1 point) 

 

𝟓. 𝜒𝑒 =
𝜒0

1 + 𝜔2𝜏2
=

𝜒0

2
           (1 point) 

i.e. a half of the zero-frequency value. 
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Typical mistakes: 

3.1: using 𝐽𝑑 = 𝜖0 𝑑𝐸/𝑑𝑡 instead of 𝐽𝑑 =
𝜕𝐷

𝜕𝑡
. Of course, the final answer should be patched to have 𝜖 given in 

the question – but this is still a mistake.  

3.2: confusing the amplitude with the part before the bracket. 

3.3: confusing “difference” (i.e. subtraction two values) with ratio (i.e. division of two values) 

3.4: Let 𝜔 = 0 to be the frequency of the maximal difference.  

3.4: Confusion frequency and angular frequency (not a big mistake but nevertheless) 

 

 

 

Question 4. (10 points) 

In the Starshot initiative, which we discussed at lectures, the idea 

is to accelerate in the outer space a spacecraft equipped with a 

lightsail by a laser beam to speeds of one-fifth of the speed of 

light.  

Let’s take optimistic numbers: the mass of the whole spacecraft is 

𝑚 = 1 𝑔, the sail area is 𝐴 = 1 𝑚2, the sail is perfectly reflective 

(𝑅 =1) and oriented normal to the laser beam, no gravity, no 

friction. You have a 𝑊 = 1 𝑀𝑊 (106 𝑊) laser (this is a very 

powerful laser!) which could be focused in such a way that the 

laser beam homogeneously covers the whole sail.  

Calculate in numbers (and don’t forget about the units!): 

1. The radiation pressure exerted by the laser beam upon the lightsail (2 points) 

2. The force applied to the lightsail (2 points) 

3. How long does it take to reach the speed 𝑣 = 0.2𝑐 from the rest state (without considering 

relativistic effects)? Provide the final answer in values that are easily understood – i.e. instead 

of e.g. 103 𝑠, give ~17 min. (2 points) 

4. How many lasers should be used to provide the same speed in 5 minutes? (2 points) 

5. What fraction of the world's electricity generating capacity of ~5·1012 W is required to 

power all these lasers? Assume electricity-to-light conversion efficiency in the laser as 10%. 

(2 points) 

 

Model answers  (10 points) 

(1 point for correct approach, and 1 point for the correct numerical value) 

𝟏. 𝑝 = 2
𝐼

𝑐
= 2

𝑊

𝐴𝑐
= 2

106

1 ∙ 3 ∙ 108
=

2

3
∙ 10−2 N ∙ m−2           (2 points) 

𝟐. 𝐹 = 𝑝𝐴 =
2

3
∙ 10−2 N        (2 points) 

(It has been a typo in #3-#5 answers; corrected) 

𝟑. 𝑡 =
𝑣

𝑎
=

0.2𝑐 ∙ 𝑚

𝐹
=

0.2 ∙ 3 ∙ 108 ∙ 10−3

2 3⁄ ∙ 10−2
= 9 ∙ 106 𝑠, or 104 days         (2 points) 

4. We need enhancement by a factor of 9 ∙ 106/300, or 30000 lasers. (2 points) 

5. The power produced by all lasers is 3x1010 W which requires 6% of the world's electricity 

generating capacity. (2 points) 

 

 
Typical mistakes: 

4.1: Most common mistake is omitting the factor of 2 for the pressure 

4.3: An attempt to use kinetic energy resulted in a factor of 10 error. 
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____________________________________________________________________ 

 

 

 
 

Maxim Pchenitchnikov    Steven Hoekstra 

May 17 2020 


